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$1. INTRODUCTION 
IF A q-sphere bundle over the n-sphere is an H-space, then various theorems of J. F. Adams 
[l, 21 strongly restrict the possible positive values for q and n. We give a complete solution 
by proving : 
THEOREM 1 .l. If the total space of a q-sphere bundle over the n-sphere is an H-space, 
then, either (i) both q and n belong to the set (1, 3, 7}, or (ii) the pair (q, n) is (1, 2), (3, 4), 
or (3, 5). 
Product bundles provide examples for (i); and for (ii), the H-spaces S3 (or &D(3)), S7, 
and SU(3) show that the above restrictions on q and n are the best possible. 
The proof of Theorem 1 .l is obtained as follows: In case the mod 2 cohomology of 
the total space is an exterior algebra on two generators (of dimensions q and n), then by [2], 
it suffices to prove Theorem 1.2, below. In case the mod 2 cohomology of the total space is 
not an exterior algebra on two generators, it follows (by an easy spectral sequence argument) 
that q = n - 1 and that the total space is a mod 2 cohomology (2n - I)-sphere. However, 
in this case [1] implies that (q, n) is either (1,2) or (3,4). 
Therefore, it is sufficient to prove: 
THEOREM 1.2. The total space of a ‘I-sphere bundle over either the 1 l-sphere 
1 Ssphere can not be an H-space. $ 
This result answers a question of I. M. James (see [7] and Problem 44 in [S]). 
52. PROOF OF THEOREM 1.2 
or the 
We prove a more general result. Suppose G is an H-space with torsion-free integral 
cohomology ring H*(G), an exterior algebra on two generators, in dimensions seven and 
eleven, respectively. We will obtain a contradiction, by examining the projective plane of G. 
If X is the projective plane [IS] of (some H-space multiplication on) G, then H*(X) is 
torsion-free. Moreover, if x and y are generators of H8(X) and H12(X), respectively, then 
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X and y generate a truncated polynomial algebra, truncated at height three (i.e. x3 = x2y = 
xY2 = y3 = 0). By the usual spectral sequence argument, we can choose elements CI, p E R(X) 
such that their images under the Chern character are of the form: 
ch(or) = x + (terms of higher degree). 
ch(j3) = y + (terms of higher degree). 
(We identify the integral cohomology of X with its image in the rational cohomology of A’, 
as usual.) a and p generate a truncated polynomial algebra in K(X), truncated at height 
three. Moreover, we can restrict our attention to this polynomial algebra for our computa- 
tions, because its complementary ideal in K(X) has sufficiently high filtration. 
Define integers ???ik and nik in terms of the following action of the Adams operations 
[3] onclandp: 
JIk(cc)=k4*u+mlk*/3+m2k~ct2+m3k~a~+m4k~~2 
~k(p)=k6.p+nIk.C12+nZk.aP+n31,.82 
Using the property that the rjk-operations are ring homomorphisms, we compute 
*2c~3#01. 
$2CJ/3(&] = $2[36 ’ p + n13 * a2 + n23 ’ L$ + n33 * /9”] 
= 36 ’ +‘(b> + n13 * ($2(a))2 + 1223 ’ $2(a) ’ ti2(8> + n33 ’ (J/“(b)>’ 
= 36 - 26 * p + [36 * n12 + 2s * n,,] - Lx2 
+ [36 . n22 + 2 * 24 . n13 ml2 + 21° * nz3] - cq!? 
+ [36 * lt32 + n13 ’ (m12)2 + 26 * n23 * ml2 + 212 * n33] * p2. 
A similar computation yields: 
$3[$2(/3)] = 26 * 36 * /3 + [26 . n13 + 3* * n12] * a2 
+ [26 - n,, + 2 * 34 * n12 - m,, + 31° * nz2] * a/? 
+ [26 - n33 + n12 * (m13)2 + 36 - n22 - ml3 + 312 * n32] - D2. 
Similarly, 
. 
$2[rc/3(a)]=34 *24*~+ [34* ml2 +26* ml,]-/I 
+ [34 * m22 + ml3 - n,, + 2* * m23] - a2 
+ [34 * m32 + ml3 . nz2 + 2 * 24 f m23 - ml2 + 21° * mJ3] - u/l 
+ C34 * m42 + ml3 * n32 + m23 * (m12>2 + 26 * m33 * ml2 + 212 * m431 *B2 
and 
J/3[J12(ol)] = 24 - 34 f c1+ [24 - ml3 + 36 * ml21 - /3 
+ [24 - m23 + ml2 - n13 + 3* - m22] - a2 
+ [24 * m33 + m,, * n23 + 2 - 34 * mz2 * m13 + 31° - mB2] * a/3 
+ P4 - m43 + ml2 * n33 + m,, - (m13)2 + 36 - m32 - ml3 + 312 - m42] * b2. 
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Of course, $“[rj3(~)] = I+Q~[$~(~)] and $2[$3(B)] = $3[$2(B)], permitting us to equate 
corresponding coefficients. This gives rise to a system of seven equations relating the integers 
mik and nik. Neglecting higher powers of two, this system reduces to: 
(2-l) m,2e6*m,3 (mod 16) 
(2.2) ml3 * n12 - mt2 ‘FQ3 E 0 (mod 16) 
(2.3) ml3 * n22 - ml2 * n23 E 2 - mz2 - ml3 (mod 8) 
(2.4) ml3 * n32 - mt2 . n33 + m23 *h2)2 - m22 * h13Y = m32 * ml3 (mod 8) 
(2.5) n12 3 8*n13 (mod 16) 
(2.6) 32 ‘~~23 E 17 * n12 *ml3 - 16 * n13 emI2 - 24 * nz2 (mod 64) 
(2.7) n13 * (m12)2 - n12 * (m13)’ - 9 - ml3 * nz2 = 8 * n32 (mod 16) 
(The first four congruences are obtained from the coefficients of p, u2, c$ and p2, respectively, 
in $2[11/3(~)] = $3[$2(~)]. The last three are obtained from the coefficients of a2, cc/? and p2, 
respectively, in +2[$3(B)] = $3[$2(/I)].) 
(2.1), (2.2) and (2.5) yield: 
n13 - ml2 E 0 
1212 .rn13z 0 
Using (2.1), we may then reduce (2.6), (2.7) and (2.3) to : 
(2.8) ?l22 E 4. il23 
(2.9) mt3 * n22 E 8 * n32 
(2.10) ml3 * m22 Z m,3 ‘iI 
respectively. 
(mod 16) and 
(mod 64). 
(mod 8>, 
(mod 16), and 
(mod 4), 
ti2(a) 3 a2 (mod 2) and tj2@) z /I2 (mod 2), by Proposition 3.2.2 in [4]. Therefore, 
the integers m,,, m32, md2, n12 and n22 are even, while m,, and n32 are odd. This informa- 
tion, together with (2.8), (2.9), and (2.10), implies that: 
ml3 E 2 (mod 4), 
Now we obtain a contradiction by observing that the first term in (2.4) is congruent to 
2 (mod 4), while each of the other terms in (2.4) is divisible by 4. This proves Theorem 1.2 
in case (q, n) = (7, 11). 
The computations for the case (q, n) = (7, 15) are entirely analogous, however the 
contradiction is more easily obtained. 
One begins by choosing CI and j? in the obvious way, and then setting: 
~k(a)=k4~u+mlk~~+m2k~a2+m3k~u/?+m4k~j?2. 
$‘(B) =ks ’ B -f- nzk ’ a/3 + nsk ’ p2. 
We obtain four congruences: 
(2.11) ml3 E -ml2 
(2.12) ml3 - n22 = 2 - ml3 * m22 + ml2 * n23 
(2.13) 16 * n23 E n22 
(2.14) 32 - n32 E ml3 * n22 
(mod 4) 
(mod 16) 
(mod 32) 
(mod 64) 
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(The first two congruences result from the p and a/I coefficients in $2$3(~) = +3$2(a), 
respectively. (2.13) and (2.14) are obtained by equating the coefficients of @I and p2, re- 
spectively, in +“ij3(/?) = $3$2(p).) 
Moreover, ml2 is even, while mz2 and n32 are odd. Therefore, (2.1 I), (2.13) and (2.14) 
imply that: 
ml2 = ml3 = 2 (mod 4), 
n22 E 16 (mod 32) and 
n23 E 1 (mod 2). 
Again we obtain a contradiction by observing that: 
ml2 - n23 z 2 (mod 4) 
while the other two terms in (2.12) are divisible by four. This completes the proof of 
Theorem 1.2. 
$3. CONSEQUENCES AND REMARKS 
In [6] we announced the results contained in this paper, however, the proof indicated 
there is much longer and much more computational. 
An interesting consequence of Theorem 1.2 concerns Stiefel manifolds; it shows that 
the quaternionic manifold W,, 2, and the octonionic manifold Y,, 2 can not be H-spaces. 
Indeed, these two manifolds are (7, 11) and (7, 15) sphere bundles over spheres, respectively. 
Another question is suggested by this result: find all possible H-spaces corresponding 
to a pair (q, n). The most interesting pair seems to be (3, 7), for which three distinct H-spaces 
are now known: S 3 x S’, S’(2), and a new H-space recently constructed by Hilton and 
Roitberg, corresponding to seven times the classifying map of Q(2). 
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